We developed the parametric equations that are needed to quantify the modulations in the sensitivity vector that occur when the phase-displacement equation is applied to make panoramic interferometric measurements. The measurement system relies on two collinear panoramic annular lenses, one to illuminate and the other to image their surroundings. When a coherent light source is used and a reference beam is added, interference occurs over the region of interest defined by the illuminating and viewing lenses. A holographic system is used to demonstrate the approach and quantify the analysis. We obtained interference fringes in real time by comparing holograms recorded before and after a section of cylindrical pipe is displaced relative to the measurement system. The annular images and the holographic fringes are acquired and stored digitally in a computer system, and image transformation algorithms are applied to remove optical distortions in the holographic patterns. Excellent agreement is obtained when the fringe loci are compared with those predicted on the basis of theory.
Introduction
Prior research conducted on interior curved surfaces with holographic interferometry has shown the utility of panoramic annular lenses ͑PAL's͒. 1, 2 In these studies, the analysis of panoramic interferograms relied on standard techniques such as phase-shifting and phase-stepping methods, heterodyne holographic interferometry, or carrier fringe methods. Discussions regarding the governing equations and the modulation of the sensitivity vector over the region of interest were included, but the corresponding analyses were based on complex ray traces and performed with computational techniques. Because no parametric equations were provided to quantify the approach, it was difficult for potential users to apply the method, especially when designing and characterizing alternative optical setups.
In this paper we elaborate on the characteristics of the PAL and develop a closed-form solution to the governing equations for the sensitivity vector associated with a dual PAL system. Fringe patterns, obtained by the method of real-time holographic interferometry, are studied to verify the analytical arguments.
Panoramic Annular Lens
The PAL works by a complex combination of reflection and refraction. It is a single-element lens composed of three spherical surfaces, two convex and one concave, and one flat surface. Nonadjacent concave and convex surfaces are mirrored, whereas the flat and the remaining convex surface are not. As illustrated in Fig. 1 , the surfaces are uniquely designed to focus and translate the incoming light ͑from, e.g., points A and B͒ in much the same way as a series of lenses and mirrors. They form an internal virtual image ͑ AЈ and BЈ͒ that can be transferred by a standard lens to a CCD camera to form a real image ͑ AЉ and BЉ͒. The annular image contains the images of the objects that surround the PAL.
In most cases, a longitudinal axis Z is chosen to coincide with the optical axis of the lens. A righthanded Cartesian coordinate system is established at the physical center of the PAL where the diameter is the largest. A cylindrical coordinate system can also be introduced with measured counterclockwise from the X axis in the X, Y plane. If we assume that points A and B are located at the edges of the field of view ͑FOV͒ on a cylinder surrounding the lens, then all points on the inner wall contained in the plane defined by z ϭ A are imaged around the inner radius r i of the image annulus. Similarly, points on the wall in the plane z ϭ B are imaged around the outer radius r o .
In addition to imaging its surroundings, a PAL can be used to illuminate them. Figure 2 , for example, shows a 38-mm-͑1.5-in.-͒ diameter PAL with its optical axis aligned with the longitudinal axis of a pipe having an inner radius equal to R. We determined the characteristics of the lens by combining physical measurements with a ray trace. The entrance pupil center of the PAL is offset a distance of z e ϭ 6.74 mm ͑0.26 in.͒ toward the front of the lens, and y e ϭ 1.34 mm ͑0.05 in.͒ from the optical axis ͑for object points contained in the Y, Z plane͒. The angular FOV measured from this point is 45.4°covering the range Ϫ18.8°Յ i Յ 26.6°, where i is the field angle. By convention, positive field angles are measured toward the front of the lens.
The linear distance that can be illuminated or imaged by the lens is defined in Fig. 2 as the FOV. For the 38-mm-͑1.5-in.-͒ diameter PAL, FOV ϭ ͑R Ϫ y e ͒͑tan 26.6°ϩ tan 18.8°͒.
Not all the rays exiting or entering the lens actually pass through the entrance pupil center, so a linear regression was performed on ray trace data to establish a parametric equation describing the direction of propagation of the illuminating wave front, given by the angle ␥ i , in terms of the field angle i . 3 For a plane-wave front entering the flat surface of the PAL,
where both angles are measured in degrees. Equation ͑2͒ takes pupil aberration into account. Over the FOV, the propagation directions determined from this equation agree to within Ϯ2% error with those obtained from the ray trace.
Dual Panoramic Annular Lens System
Panoramic interferometric measurements can be made by one's producing an object wave front using two collinear PAL's, one to illuminate and the other to image their surroundings. Figure 3 , for example, shows two PAL's located within a section of cylindrical pipe and spaced a distance dz apart. The illuminating PAL produces a circumferential belt on the inner wall of the pipe while the imaging PAL captures a portion of the illuminated surface. When a coherent light source is used and a reference beam is added, interference occurs over the region of interest ͑ROI͒ where the beams overlap. In Fig. 3 , a local coordinate system ͑, ͒ is introduced at the entrance pupil center of the illuminating PAL from which the field angle I is measured. The extremes of the ROI are defined by the points where Imax is equal to 26.6°for the 38-mm-͑1.5-in.-͒ diameter PAL shown in Fig. 2 , ͑ y e , z e ͒ is the location of the entrance pupil center of the illuminating PAL measured with respect to an axes system located at its center ͑0, 0͒, dy ϭ R Ϫ y e , dz is the lens spacing measured between the centerlines of the lenses, and R is the radius of the pipe ͑or the object distance measured perpendicular to the optical axis from the center of the PAL͒. In Eqs. ͑3͒ and ͑4͒, the radius and lens spacing are the only variables present. They depend on the optical setup and the geometry of the object under consideration.
As illustrated in Fig. 3 , the location of the point described in Eq. ͑3͒ corresponds to the intersection of the pipe wall with the ray drawn from the entrance pupil center of the illuminating lens at the maximum field angle Imax . The point described in Eq. ͑4͒, on the other hand, corresponds to the intersection of the pipe wall with a ray drawn from the entrance pupil center of the illuminating lens at the minimum field angle associated with the ROI. This field angle is given by
The length of the ROI is
As described in Section 4, the formulation of the phase-displacement equation requires a knowledge of the directions of propagation ␥ i to and from each point on the test surface under consideration. We can obtain this knowledge by writing Eq. ͑2͒ for the illuminating and viewing lenses as follows:
It is desirable to express Eq. ͑8͒ in terms of the parameters associated with the illuminating lens. Referring to Fig. 3 , we can obtain the field angle for the viewing lens:
Because the dual PAL system is symmetrical, Eq. ͑9͒ holds when V and I are interchanged. By substituting Eq. ͑9͒ into Eq. ͑8͒, we obtain
Development of the Phase-Displacement Equation
The linear phase change ␦ that takes place for each point in the ROI is related to the displacement of the point by the well-known equation
where n is the fringe-order number and is the wavelength. The vectors ê I and ê V are unit vectors in the directions of illumination and observation, respectively; and C ϭ ͑ê I Ϫ ê V ͒ is the sensitivity vector along which the displacement vector d is projected. The sensitivity vector lies in the plane formed by the illumination and observation vectors and is directed along their angle bisector. Referring to Fig. 4 , we can describe the unit vectors ê I and ê V in terms of the directions of propagation of the illuminating and viewing wave fronts as
respectively. Thus the sensitivity vector can be expressed as
The displacement vector can be expressed in terms of its scalar components as
Equations ͑14͒ and ͑15͒ can be substituted into Eq. ͑11͒ to yield
where d is the magnitude of the displacement vector and ␥ d is the angle that the displacement vector makes with respect to the positive Y axis. Although we performed the derivation by consid- ering the Y, Z plane, the problem is radially symmetric. Because the terms ͑d cos ␥ d ͒ and ͑d sin ␥ d ͒ represent the out-of-plane ͑radial͒ and in-plane ͑lon-gitudinal͒ displacement components, respectively, there is no sensitivity to circumferential displacement. By substituting the propagation vectors defined by Eqs. ͑7͒ and ͑8͒ into Eq. ͑16͒, we obtain the linear phase change as
where V is given in terms of I by Eq. ͑9͒. For phase stepping, Eq. ͑17͒ can be written in terms of the angular phase change ␣, where ␣ ϭ 2␦͞.
Panoramic Holointerferometry
To demonstrate the approach and quantify the analysis, we performed experiments using the panoramic holointerferometric system illustrated in Fig. 5 . Two 38-mm-͑1.5-in.-͒ diameter PAL's, with characteristics analogous to those illustrated in Fig. 2 , were spaced a distance dz ϭ 25.4 mm ͑1.0 in.͒ apart. The lenses were positioned, as indicated in Fig. 3 , with their optical axes aligned with the Z axis of a Cartesian coordinate system. A 50.8-mm ͑2-in.-͒ long section of a circular brass pipe having an inner radius R equal to 70 mm ͑2.75 in.͒ was mounted on a kinematic stage and positioned around the PAL's with its longitudinal axis also along the Z axis. We aligned the system relative to the unexpanded object beam by placing cross hairs on transparencies temporarily mounted on the ends of the pipe section. After the pipe was aligned, the transparencies were removed and the collector lens inserted. The imaging PAL was positioned within the pipe section. It was aligned based on the backreflection from the front surface. Finally, the illuminating PAL was inserted. It was aligned with the help of the backreflections cast from it.
Misalignment in the lens system affects the ROI and creates an unsymmetrical distribution in sensitivity in planes normal to the optical axis. However, if the lenses are aligned, the lens spacing and the distances from the optical axis to the test surface are the only variables that need to be considered.
The inner surface of the pipe was painted white, and we projected coherent light ͑ ϭ 514 nm͒ onto the inner wall using a collimated beam passed through the illuminating lens. We captured an image of the pipe in its initial position using the imaging lens. A collector lens was used to convey the virtual image, formed within the imaging lens, to a CCD camera and computer system. As shown in Fig. 5 , a hologram of the wave front emerging from the second PAL was recorded with a thermoplastic holocamera positioned behind the collector lens. The holocamera could have been positioned between the collector lens and the PAL or in the image plane. However, the latter condition causes excessive noise during reconstruction because anomalies such as dirt and pits in the thermoplastic are recorded along with the image of the cavity.
Because the pipe wall is located 70 mm ͑2.75 in.͒ from the Z axis and y e ϭ 1.34 mm ͑0.05 in.͒, Eq. ͑1͒ predicts a FOV equal to 57.6 mm ͑2.27 in.͒. The ROI is slightly smaller; Eq. ͑6͒ predicts it to extend over 56.6 mm ͑2.23 in.͒ based on the values dz ϭ 25.4 mm ͑1.0 in.͒, Imax ϭ 26.6°, and z e ϭ 6.74 mm ͑0.26 in.͒. The minimum field angle associated with the ROI is computed from Eq. ͑5͒ as Imin ϭ Ϫ18°. Figure 6 shows a plot of the out-of-plane ͑radial͒ sensitivity coefficient C y versus the field angle over the ROI. Because matched viewing and illuminating wave fronts are used, the direction of the sensitivity vector changes in a symmetric fashion about the center of the ROI ͑corresponding to I ϭ 4.3°͒, and the plot is symmetrical. The data show that C y remains fairly constant over the ROI with a magnitude of approximately 2. The deviation from this value is less than 8% for the 25.4-mm ͑1.0-in.͒ lens spacing and the 70-mm ͑2.75-in.͒ object distance employed.
The in-plane ͑longitudinal͒ sensitivity coefficient C z is plotted in Fig. 7 . The plot is nearly linear; the sensitivity to this component is significant at points Fig. 5 . Experimental setup for recording real-time holograms: 1, laser; 2, mirror; 3, beam splitter; 4, spatial filter; 5, collimating lens; 6, illuminating PAL; 7, pipe section; 8, imaging PAL; 9, transfer lens; 10, polarizer; 11, mask; 12, thermoplastic holocamera; 13, CCD camera. located at the edges of the ROI and goes to zero at the center. At points on the edges of the ROI, corresponding to Imax ϭ 26.6°and Imin ϭ Ϫ18°, the phase change incorporates 76% of the longitudinal displacement component. Figure 8 shows a reconstruction of the fringe pattern recorded in real time after the pipe section was translated along the X axis, through a displacement u equal to 0.0053 mm ͑0.0002 in.͒. When the pipe is translated along the Y axis, through a displacement v equal to 0.0053 mm ͑0.0002 in.͒, the pattern shown in Fig. 8 results with the fringe field rotated by 90 deg. We obtained the results in Fig. 9 by holographically recording the pipe in its initial position and then translating it along the Z axis, through a displacement w equal to 0.0038 mm ͑0.00015 in.͒.
Experimental Verification
For illustrative purposes, the length of the pipe section was purposefully chosen to be smaller than the ROI. The pipe was positioned so that one edge coincided with the inner radius of the annular image where V ϭ 26.6°. This field angle corresponds to one extreme of the ROI where I ϭ Ϫ18°. The other end of the pipe section lies at V ϭ Ϫ13.2°and I ϭ 22.4°. Equation ͑9͒ was used to equate the field angles measured relative to the illuminating and viewing lenses.
The fringe patterns can be qualitatively evaluated. For the pipe and the PAL system described, the sensitivity vector lies primarily along the radial direction; it is perpendicular to the surface at the center of the ROI, becoming progressively more inclined with respect to the normal as the limiting field angles are approached. These characteristics are evident in Figs. 8 and 9 .
In Fig. 8 , zero-order fringes are observed at equal to 90 and 270 deg. where the sensitivity vector is perpendicular to the imposed displacement. Maximum fringe-order numbers occur at equal to 0 and 180 deg; points where the directions of the sensitivity vector and displacement vector coincide lie at the center of the elliptically shaped fringes. The deviation in the direction of the sensitivity vector from that of the surface normal is evident from the fringe gradient observed at these angular locations. This deviation accounts for the fringe pattern shown in Fig.  9 , in which a zero-order fringe appears at the center of the ROI; fringe orders increase monotonically from one edge of the pipe section to the other.
Quantitative evaluation is slightly more difficult and can best be accomplished by use of linearization algorithms developed to improve human viewing during visual inspections with PAL systems. One can accomplish linearization by rolling the annular image along its outer circumference and moving all the pixels between the contact point and the center of the image to an appropriate location on a vertical line in the final rectangular image. 4 Figures 10 and 11 show the results of our applying the linearization algorithms to the second and first quadrants of the images contained in Figs. 8 and 9 , respectively. Points on the upper edges of the linearized images lie on the inner radius of the annular image where V ϭ 26.6°and V ϭ Ϫ18°. The ROI extends from this location to a radial position corresponding to V ϭ Ϫ18°and I ϭ 26.6°. The pipe section extends over a portion of this region in which Ϫ13.2°Յ V Յ 26.6°and 22.4°Ն I Ն Ϫ18°, respectively. Points on the lower edges of the linearized images lie on the outer radius of the annular image where V ϭ Ϫ18.8°. This area is not illuminated and lies outside of the ROI.
The fringe patterns are compared with those predicted analytically by Eq. ͑17͒. In the interferograms, the light fringes correspond to integer orders. Dark lines in the theoretically generated patterns correspond to the loci of half-integer order fringes. The agreement is excellent.
Conclusions
This investigation has established the parameters and equations that are required to build a dual PAL system for interferometric measurement. We described how displacements can be computed from the phase, and we demonstrated how the sensitivity vector varies across the ROI for a section of cylindrical pipe studied with a panoramic holointerferometric system. The system is not sensitive to circumferential displacement. At the center of the ROI, only the radial displacement component is measured. The analysis shows that the sensitivity to this component remains nearly constant over the rest of the field. The sensitivity to longitudinal displacement increases linearly with the distance from the center of the ROI and is significant for points located at the edges of this region.
